This numerical study uses a simple bidomain model of cardiac tissue to compare the effect of three different ischaemic region geometries (rectangular, cylindrical and semi-ellipsoidal) on the extracellular epicardial potentials during the ST segment. Results are obtained using anisotropic conductivities based on experimentally derived data. The model is then altered, to include heterogeneous conductivities in the ischaemic region and larger border zone widths, in order to better reproduce realistic scenarios. Initial results for the rectangular and cylindrical ischaemic shapes show a central depression over the ischaemic region, for low ischaemic thicknesses, which separates into three depressions as the ischaemic thickness increases. For ischaemic thicknesses above 70% an elevation appears over the ischaemic region and this increases in magnitude as the ischaemia becomes transmural. Results for the semi-ellipsoidal shape, however, differ, with the central depression separating into only two depressions as the thickness increases. Changing the conductivity inside the ischaemic region significantly affects results for each geometry, with depression staying over the ischaemic region for much higher levels of ischaemia (up to 90% thickness). Increasing the intramural border zone thickness did not significantly affect the epicardial potential distributions.
Introduction
Cardiac ischaemia occurs when the blood supply to a section of the heart is either reduced of cut off completely, usually the result of a blockage or narrowing of one of the arteries which lie on the surface of the heart. The present numerical study focuses on the electrical consequences of ischaemia during the ST segment of the electrocardiogram (ECG), the phase of the cardiac cycle, which lies between the QRS complex and the T wave, where the heart is completely depolarised. When cardiac tissue becomes ischaemic, the electrical properties of the affected cells are altered resulting in a change in their transmembrane potential. For a healthy heart, there is very little electrical activity during the ST segment. However, when a section of the heart becomes ischaemic, potential differences between the healthy and ischaemic tissue cause the heart to no longer be in an isoelectric state. This effect can be measured by the extracellular potentials at the heart surface or as a deflection of the ST segment on an ECG trace.
Due to the advancement of computing technology in recent years, numerical studies have become a popular method to study the electrical behaviour of the heart. This is because of their ability to quickly and non-invasively examine scenarios which are either difficult or not possible in an experimental environment. In particular, much research has been dedicated to studying ST segment deviation due to ischaemia [1, 2, 3, 4] . From these and other studies, it is well understood that for an ischaemic region which is transmural, ST segment elevation occurs over the ischaemic region. Unfortunately, for the case where the ischaemic region does not extend all the way to the epicardium, the mechanisms which govern this situation are still not yet fully understood [5] and there is no clear consensus on the ST potentials. The variation of results for partial thickness ischaemia is predominately due to the differing choices of vital model parameters such as conductivity and fibre orientation. The earliest of these studies [6, 7] were forced to use isotropic conductivities and ignored cardiac fibre rotation due to limited computing power. Work by Johnston et al. [1] , however, showed that the anisotropy of cardiac tissue was very important and must be included in order to achieve realistic results. More recent numerical studies [3, 4] , using anisotropic conductivity values, have agreed with experimental results [8] for high and low thickness ischaemia. They showed that at low thickness ischaemia, ST depression is centred over the ischaemic region, while at high thicknesses, elevation occurs over the ischaemic region and depression over the ischaemic lateral borders. Differing choices of conductivity values [2, 9] between models, however, have resulted in widely varying results for medium thickness ischaemia (30%-70%). One consistent result from these studies was the formation of 'current loops' around the border between ischaemia and healthy tissue, which arise due to the differing transmembrane potentials.
The vast majority of studies on ischaemia during the ST segment have described the ischaemic region using a rectangular prism type geometry. From these studies it can be seen that the presence of 'sharp' edges in the geometry may aid the formation of the current loops. The motivation for the present study is to investigate ischaemic geometries that have fewer of these sharp edges and to study the effect these geometries have on the formation of current loops and extracellular epicardial potentials. Three different ischaemic geometries were used: rectangular, cylindrical and semi-ellipsoidal. The rectangular ischaemic geometry was used for comparison with results by Johnston et al. [1] while the other two geometries represented a decreasing presence of the sharp edges.
Methods

Governing equations
All the simulations carried out in this study focused on the ST segment (isoelectric phase) of the ECG, meaning that only the steady state bidomain equation was needed to carry out the simulations. This equation has the form
where M i and M e are the intracellular and extracellular conductivity tensors and φ e and φ m are the extracellular and transmembrane potentials, respectively. For the heart geometry, a simple slab model was used, based on the model introduced by Johnston et al. [1] . The model consisted of a rectangular slab of ventricular tissue with dimensions 16 cm× 16 cm × 1 cm. The epicardium was situated at z = 0 and the endocardium at z = 1. A volume of blood of thickness 20 cm then sat on top of the tissue. The potential in the blood, φ b , was governed by Laplace's equation
At the outer surface of the model (blood/air and tissue/air interface), insulation conditions were used and at the interface between the blood and tissue, continuity of current and extracellular potential was assumed. Also, the potential at the base of the blood was set to zero, in order to give a unique solution. The boundary conditions for the model can be summed up with the following set of equations:
n · ∇φ = 0 at the outer surface, φ e = φ b , σ 193 mS/cm, where the subscripts i and e refer to the intracellular and extracellular spaces, respectively, and the superscripts l and t refer to the directions along and across the fibres, respectively. Linear fibre rotation (anticlockwise direction) was included with a total rotation from the epicardium to endocardium of 120
• . The fibres were aligned with the x axis at the epicardium. This was incorporated into the model by modifying the conductivity tensors from Equation (1) in the same way as originally described by Johnston et al. [1] 
where c = cos 2π 3 z , s = sin 2π 3 z and n = i or e for the intracellular or extracellular space. The model was solved using SCIRUN [11] , which discretizes the bidomain equation using the finite element method to form the matrix equation
and calculates the solution using various iteration methods with preconditioning. A hexahedral mesh was used for all simulations and the nodes were clustered around both the ischaemic border zone and the interface between blood and tissue. As there were three different ischaemic shapes used in this study, this meant the mesh had to be altered to fit the shape of the ischaemic region. In order to test mesh independence, simulations were run using increasingly finer meshes until it was confirmed that the solution converged. It was decided that a mesh with 65 nodes in the x and y direction and 161 nodes in the z direction (81 in the tissue and 80 in the blood) was enough to ensure an accurate solution.
Ischaemic region
For the ischaemic region, three different shapes were considered. The first was a rectangular prism with a length of 4 cm in both the x and y directions. The bottom of the ischaemic region was in contact with the endocardium as shown in figure 1. During the ST segment, it is well known that ischaemic tissue has a lower transmembrane potential than that of healthy tissue. For this model the ischaemic tissue was given a transmembrane potential of −30 mV, while the healthy tissue was given a value of 0 mV. Near the border between healthy and ischaemic tissue, the transmembrane potential was varied smoothly from 0mV to -30mV according to the equation
Figure 1: Slab model used for solving the bidomain equations: (a) cross section along z axis for rectangular ischaemic geometry, (b) cross section along z axis for cylindrical and ellipsoidal ischaemic geometries, (c) cross section along y axis for rectangular and cylindrical ischaemic geometries and (d) cross section along y axis for ellipsoidal ischaemic geometry.
In each spatial direction, the function Ψ(p) is defined as
where a p is the half width of the ischaemic region in the x and y directions and the ischaemic thickness in the z direction, while λ p is a parameter to adjust the sharpness of the transition. As shown in figure 2 , as the value of λ p is increased, the size of the border zone is also increased. For the initial results of this study, a value of 0.01 was chosen for λ p in all directions in order to give a sharp border zone. The second ischaemic geometry considered was a cylindrical shape. It represented a shape in which the edges along the lateral borders were removed and was constructed to have similar size and border zone properties as the rectangular geometry. The cylinder was given a radius of 2 cm and the equation for the transmembrane potential was
where r is in the radial direction and Ψ(p) is the same as defined in equation (6) , except that the parameter a r now represents the radial distance to the centre of the border zone. Again, a value of 0.01 was used for λ p in each spatial direction. The final ischaemic geometry used was an ellipsoidal shape. This shape represented the removal of all edges in the ischaemic region to give a completely smooth border zone. It was constructed by taking the top hemisphere from an oblate spheroid described by the equation
where a r is the radius at z = 1 and a z is the vertical, conjugate radius. For consistency with the previous ischaemic geometries, a value of 2 cm was chosen for a r . The transmembrane potential was governed by the equation
where the function Φ(d) is defined as and d is the perpendicular distance to the centre of the border zone. The λ parameter again a controls the sharpness of the transition. Figure 2 shows that the difference in the width of the border zone is negligible for Ψ(p) and Φ(d), using equivalent values of λ.
Results and discussion
Unmodified slab model
The results for the unmodified slab model show that, at relatively small thicknesses of ischaemia (a z < 30%), the epicardial potential distribution (EPD) has a single depression located directly over the ischaemic region. This depression then begins to separate into three depressions as ischaemic thickness is increased, one remaining over the region of ischaemia and two over opposing lateral borders. By the time the thickness reaches 50%, the three depressions become quite distinct, as can be seen in figure 3 (top row). Once the ischaemic thickness exceeds 70%, two small areas of elevation appear over opposing corners of the ischaemic region. These areas of elevation quickly spread and cover the area above the ischaemic region, leaving one elevation and two depressions at thicknesses above 90%. This behaviour can be understood better by studying the current paths inside the tissue. What these show, for the unmodified slab model (figure 4, top row), is that, at low levels of ischaemia, current loops are formed around the lateral borders of the ischaemic region. As the ischaemic thickness is increased, separate loops form around the top edges which rotate in the opposite direction to the more dominant loop around the bottom edges. This is where the single depression splits into three depressions. Once the ischaemic thickness is too large, the effects of the top loop start to dominate and this is when positive potentials at the epicardium occur.
The EPDs obtained using a cylindrical shaped ischaemic geometry (figure 3, middle row) are quite similar to those for the rectangular geometry. A single depression at low levels of ischaemia separates into three depressions as the thickness increased to approximately 50%. At higher ischaemic thicknesses, very similar to the rectangular geometry, elevation begins to appear above the lateral border and quickly cover the area above the ischaemic region. The current paths for the cylindrical ischaemic model are also very similar to the rectangular model, with the formation of current loops around the top and bottom sharp edges of the ischaemic zone. These results suggest that the presence of sharp edges on the lateral borders may not play a significant role in the determining epicardial potentials.
When comparing the epicardial distributions for the ellipsoidal ischaemic model to the previous two, differences immediately become apparent. At low levels of ischaemia, the results agree well with the previous models, with a single depression centred over the ischaemic region. It is at higher thicknesses where the differences are noticed. As ischaemic thickness is increased beyond 30%, the single depression separates into only two depressions, which move outward until they are over the lateral edge of the ischaemic region. As the ischaemic thickness is increased above 60%, elevation begins to occur over the centre of the ischaemic region and move outwards. This differs from the previous two situations where elevation started at the lateral borders and moved inward. This means that the area of maximum elevation is over the centre of the ischaemic region instead of above the lateral borders.
Differences can also be seen in the current paths of the ellipsoidal ischaemic model (figure 4, bottom row). For low levels of ischaemia, the current paths agree with the previous models, showing only the primary loop around the edges of the ischaemic region. As the ischaemic thickness increases and the top surface becomes increasingly curved, a current sink begins to form at the base edges. This causes the current to move outward from the centre and therefore raises the potential over the ischaemic region, with the result that the central depression, and also the elevation found at high ischaemic thicknesses, both disappear. (d) , (g), (j) rectangular ischaemic geometry for 10%, 50%, 70%, 90% ischaemia, respectively; (b), (e), (h), (k) cylindrical ischaemic geometry for 10%, 50%, 70%, 90% ischaemia, respectively and (c), (f), (i), (l) ellipsoidal ischaemic geometry for 10%, 50%, 70%, 90% ischaemia, respectively.
Changing the Ischaemic Conductivity
The results in the previous section assumed that the conductivity inside the ischaemic region is the same as that in healthy tissue. It is accepted that there are three phases of conductivity change during ischaemia:
· an immediate sharp decrease in longitudinal extracellular conductivity at the onset of ischaemia [12, 13] ; · a few minutes later, a gradual decrease in longitudinal extracellular conductivity occurs and this lasts for at least 15 minutes [14] , and · a sharp decrease in longitudinal intracellular conductivity, which occurs 15-30 minutes after the onset of ischaemia [13, 15] .
Several mechanisms have been proposed for the three phases of ischaemia. Kiéber and Riegger [12] proposed that the initial sharp decrease of longitudinal extracellular conductivity was due to the collapse of capillaries. Results from Fleischhauer et al. [16] and Stinstra et al. [17] , however, suggested that a change in capillary volume would not affect the extracellular conductivity significantly. Stinstra et al. proposed an alternative mechanism, in which a rapid decrease in the size of the interstitial space, due to fluid flow, is responsible for the first phase. The mechanism for the second phases is somewhat less controversial and predominately occurs due to cell swelling [13] . Likewise the third phase is accepted to occur due to the closing of gap junctions [13, 18] .
In order to account for these conductivity changes, the model for this study was altered by decreasing the conductivity in the ischaemic region according to the results of Stinstra et al. [17] and Kiéber and Riegger [12] , including all three phases of ischaemia. This involved decreasing the extracellular longitudinal conductivity by approximately 35% and the intracellular longitudinal conductivity by approximately 90%. The transverse conductivities were not altered as they have shown to not significantly change during ischaemia [17, 12] . Table 1 summarises the changes in conductivity values. As with the transmembrane potential, a smooth transition between conductivity values was included to represent the border zone between healthy and ischaemic tissue.
Comparing the EPDs of the rectangular ischaemic geometry with these changed conductivity values (figure 5, top row) to the initial results, noticeable differences can be seen at medium and high thicknesses of ischaemia. For low thicknesses (a z < 30%), the distributions look quite similar, with only one central depression and comparable minimum potentials. As the degree of ischaemia is increased beyond 30%, the central depression does not immediately separate into the three depressions, as seen previously. The two secondary depressions begin to appear only after the ischaemic thickness reaches 70%. Also unlike the previous results, the point of maximum depression now resides in the central depression, rather than the secondary ones. It is not until the ischaemic thickness exceeds 80% that elevation occurs on the epicardium. This happens over two diagonal corners of the ischaemic region. Even at 90% ischaemia, there is still a large area of depression over the ischaemic region. The elevation only starts to spread rapidly once the ischaemic region is increased almost to 100%, approximately when the border zone starts to show on the epicardium.
The model with a cylindrical ischaemic geometry (figure 5, middle row) shows a very similar pattern to its rectangular counterpart. At low degrees of ischaemia, there is little difference from the unaltered conductivity case. But where the unaltered case starts to separate into three depressions, the same does not happen with the altered model. One key difference between the cylindrical and rectangular models is that the central depression in the cylindrical is not as deep as in the rectangular model at large degrees of ischaemia.
The differences in the ellipsoidal ischaemic model (figure 5, bottom row) also follow similar patterns in that the sep- Figure 5 : Extracellular EPDs for the reduced conductivity results: (a), (d), (g) rectangular ischaemic geometry for 50%, 70%, 90% ischaemia, respectively; (b), (e), (h) cylindrical ischaemic geometry for 50%, 70%, 90% ischaemia, respectively and (c), (f), (i) ellipsoidal ischaemic geometry for 50%, 70%, 90% ischaemia, respectively. aration of the central depression occurs at higher degrees of ischaemia than in the unaltered conductivity model. Elevation over the ischaemic region also does not start to appear until the ischaemic thickness is at least 95%. An interesting feature of the ellipsoidal model is that, once the ischaemic region extended to the epicardium, the area of elevation over the ischaemic region was much smaller than the unaltered conductivity case, making it more difficult to detect in clinical situations.
The current paths for all ischaemic models also change significantly when the ischaemic conductivity is reduced. As with the epicardial potentials, the current paths for the cylindrical and rectangular models show a slower response to the increase in ischaemic thickness. For low levels of ischaemia, there is again the formation of two current loops around the lateral borders. As the ischaemic thickness increases, however, the separate loops on the top edges does not form until much later than with the previous results. This aids in understanding why the separation of the three depressions does not become apparent until quite large levels of ischaemia. These loops do not begin to dominate at the epicardium until the ischaemia is near full thickness, which is why elevation does not occur until this point.
The ellipsoidal model also shows similar patterns to the other models, with changes in the current loops not occurring until much higher levels of ischaemia. The current sink found in the initial results is not as strong for the reduced conductivity situation, and the current loops start to form a spiral pattern. This means that the magnitude of the outward current over the centre of the ischaemic region is reduced and hence, the rise in the central potentials does not occur. Similar to the rectangular and cylindrical models, it is not until the ischaemia becomes transmural , (c) rectangular ischaemic geometry for low, medium and high ischaemic thickness, respectively; (d), (e), (f) cylindrical ischaemic geometry for low, medium and high ischaemic thickness, respectively and (g), (h), (i) Ellipsoidal ischaemic geometry for low, medium and high ischaemic thickness, respectively. that the current sinks at the bottom edges of the ischaemic region affect potentials at the epicardium.
Changing the Ischaemic Border zone
Another simplistic assumption in the original slab model was the size of the ischaemic border zone. The original model used a λ value of 0.01 in the transmembrane potential equation which resulted in a border zone which was less than 1mm thick. Experimental studies [19, 20] have shown that the border zone in the intramural direction is much larger than this, varying from 8 to 15mm. The slab model was corrected to account for these larger border zones by increasing the λ x and λ y values to 0.5, which resulted in a border zone in the x and y directions of approximately 1cm, as shown in figure 2. Simulations were also run, using a λ value of 0.1 in the x and y directions, to look at the transition between the sharp and thick border zone scenarios.
The value of λ in the z direction was necessarily left at 0.01 in order to satisfy the boundary conditions of the computational model. The insulation condition on the model meant that the gradient of the transmembrane potential needed to tend to zero at the epicardium, therefore limiting the value of λ z which could be used. For the ellipsoidal ischaemic geometry, a different method was required to achieve similar border zone conditions. Since there are no distinct lateral and transverse borders, it was decided to vary the value of λ linearly with z so that it was 0.5 (or 0.1 in the intermediate scenario) at the endocardium and 0.01 at the top of the ischaemic zone.
The reduced conductivity values were used in all the simulations with varying border zone thicknesses.
The results obtained from varying the border zones in the x and y direction are quite similar to the case with sharp border zones. For the case where λ = 0.1 for the intramural borders, the EPDs are almost identical to the reduced conductivity results. The only noticeable differences are slight changes in the minimum and maximum potentials.
When the intramural border zone width increases to approximately 1cm, the differences are much more noticeable. However, the distributions are still quite similar to the sharp border scenario. For lower ischaemic thicknesses (< 30%), the EPDs look the same as with all previous results, with a single depression located over the centre of the ischaemic region. The major changes come from higher ischaemic thicknesses where, in the case of the rectangular and cylindrical ischaemic geometries, a noticeable softening of the two depressions sitting over the border zone can be seen. Interestingly, this does not affect the central Figure 7 : Extracellular EPDs for the increased border zone results: (a), (d), (g) rectangular ischaemic geometry for 50%, 70%, 90% ischaemia, respectively; (b), (e), (h) cylindrical ischaemic geometry for 50%, 70%, 90% ischaemia, respectively and (c), (f), (i) ellipsoidal ischaemic geometry for 50%, 70%, 90% ischaemia, respectively. depression, which still has very similar potentials to the sharp border scenario for all levels of ischaemia. The ellipsoidal geometry, however, does not have this same feature, with the potentials at the centre of the two depressions very similar to previous results.
One consistent difference with all ischaemic geometries is the prolonged absence of elevation, even at very high levels of ischaemia. At 90% ischaemia, only the rectangular ischaemic model shows any elevation. Although the cylindrical model doe not show elevation at this stage, the potentials over the border zone are very close to zero and elevation does occur if the ischaemic thickness increases by a further 1 − 2%. So the rectangular and cylindrical models were still showing quite similar behaviour. On the other hand, the ellipsoidal ischaemic model (figure 7, bottom row), like the sharp border scenario, does not show any signs of elevation occurring until the level of ischaemia is at least (95%).
The current paths for this scenario are also very similar to the previous results. The only noticeable difference which can be seen in any of the ischaemic models is a decrease in magnitude of the current through the lateral ischaemic borders. Since the transmembrane potential gradients in this scenario are lower than with previous results (due to the wider borders) this is of course expected and not surprising.
Conclusions
The work presented here illustrates the difference, in extracellular EPDs during the ST segment, between scenarios of increasing complexity and realism. The change in behaviour found from using different geometries for the ischaemic region are quite significant and results in very different patterns in the EPDs.
Another important finding is that the conductivity inside the ischaemic region cannot safely be assumed to be the same as that of healthy tissue. The reduction of conductivity values for ischaemic tissue results in drastic changes in the EPDs, especially for higher level ischaemia.
The thickness of the transmural borders, however, has comparatively little effective on the EPDs, with results quite similar to the case with sharp borders. Although differences can be noticed when the border zone width is within experimentally observed values, they are insignificant when compared to the results found by changing the shape and conductivity of the ischaemic region.
